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In this letter we study the Hall conductance for a non-Hermitian Chern insulator and quantitatively describe
how the Hall conductance deviates from a quantized value. We show the effects of the non-Hermitian terms on
the Hall conductance are two folds. On one hand, it broadens the density-of-state of each band, because of which
there always exists a non-universal bulk contribution. On the other hand, it adds decay term to the edge state,
because of which the topological contribution also deviates from the quantized Chern number. We provides
a simple formula for the topological contribution for a general two-band non-Hermitian Chern insulator, as a
non-Hermitian version of the Thouless-Kohmoto-Nightingale-de Nijs formula. It shows that the derivation from
quantized value increases either when the strength of the non-Hermitian term increases, or when the momentum
dependence of the non-Hermitian term increases. Our results can be directly verified in synthetic non-Hermitian
topological systems where the strength of the non-Hermitian terms can be controlled.
In the past decades, topological band theory has been ex-
tensively studied not only in electronic system [1–5], but also
in synthetic cold atom, photonic and acoustics systems [6–
8]. Nevertheless, an aspect that has only been brought out
recently is the interplay between non-Hermitian and topology
[9–48]. In fact, the non-Hermitian nature exists generically
in all realization of topological band theory mentioned above.
The non-Hermitianess can come from the imaginary part of
the self-energy and finite life time of quasi-particles in elec-
tronic systems, loss of atoms in cold atom realization, optical
gain and loss of photons in photonic realization and the damp-
ing of mechanical modes in acoustics systems.
In a Hermitian system, the most profound manifestation of
the topological band theory is the quantum Hall effect, which
states that the Hall conductance for a gapped band insulator
is quantized and equals to the sum of the Chern number of
all filled bands. This is expressed as the famous Thouless-
Kohmoto-Nightingale-de Nijs (TKNN) formula [49]. It can
also been shown that the number of gapless edge modes also
equals to the net Chern number of all filled band, and because
the absence of dissipation for transport through the edge state,
the quantized Hall conductance is attributed to the conducting
of electrons through these quantized edge modes when bulk is
gapped.
So far most study of the non-Hermitian topological band
theory focus on solving the Schro¨dinger equation and ob-
tain properties from the eigen-energies and the eigen-vector
of a non-Hermitian Hamiltonian. For instance, the gen-
eralization of the “gapped bands” to “separable bands” is
based on the distribution of the eigen-energies on the com-
plex plane [27]. The topological invariant defined from eigen-
energies that is unique to separable non-Hermitian Hamilto-
nians is found to protect bulk Fermi arcs [27, 30, 43], and
solving the topologically nontrivial non-Hermitian Hamilto-
nian with the open boundary condition can lead to bound-
ary modes for separable bands [27, 38]. More interestingly,
it is found in some non-Hermitian Hamiltonians the bulk
spectrum is extremely sensitive to the boundary condition so
that the conventional bulk-edge correspondence can break-
down [16, 18, 28, 34, 35, 37, 38]. The classification of non-
Hermitian topological Hamiltonian has also been discussed
[38].
In this letter we concentrate on physical observables, in par-
ticular, the Hall conductance. We shall first clarify the mean-
ing of “gapped insulator” and we emphasize that a gapped in-
sulator means the density-of-state should be sufficiently small
at the chemical potential. Nevertheless, the residual density-
of-state inside the “gap” can always give rise to finite bulk
contribution to the Hall conductance. Then we work out the
formula for the topological contribution of the Hall conduc-
tance as a non-Hermitian generalization of TKNN formula,
with which we can quantify how the Hall conductance devi-
ates from a quantized value even the topological index defined
for non-Hermitian Hamiltonian is a non-zero integer. In an-
other word, unlike the Hermitian case, the existence of quan-
tized edge state does not necessarily lead to a quantized Hall
conductance in the non-Hermitian case. Even a nearly quan-
tized Hall conductance requires more strict condition than a
non-zero non-Hermitian Chern number, which we will spec-
ify as the main results of this work.
Green’s function. Let us start with the general discussion of
the Green’s function for a non-Hermitian Hamiltonian Hˆ. We
assume |ϕRi 〉 and 〈ϕLi | are the right and the left eigen-vectors of
Hˆ with the same complex eigen-value i, that is
Hˆ|ϕRi 〉 = i|ϕRi 〉, 〈ϕLi |Hˆ = i〈ϕLi |. (1)
It can be shown that, as long as i ,  j, we have 〈ϕLi |ϕRj 〉 = 0.
As long as 〈ϕLi |ϕRi 〉 , 0, we can construct an operator Pˆi as
Pˆi ≡ 1〈ϕLi |ϕRi 〉
|ϕRi 〉〈ϕLi |. (2)
It can be proved that Pˆ2i = Pˆi and PˆiPˆ j = 0 for all i , j, which
shows that Pˆi is in fact a projection operator. Furthermore, one
can show that
∑
i Pˆi = Iˆ. The Hamiltonian can be expressed
as Hˆ =
∑
i iPˆi when there is no degenerate eigen-energies.
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FIG. 1. An illustration of a gap. According to the spectrum decompo-
sition theorem, each eigenstate with a complex energy i contributes
significant density-of-state from [Ri − |Ii |, Ri + |Ii |] as is illustrated
above. Therefore a gap could be defined as +min > 
−
max with 
m
max and
mmin defined in Eqn. (6) and (7).
Here we consider the situation that the imaginary parts of
all i are negative, which is true for non-Hermitian models that
are resulted from coupling the system to an environment [50].
For this case, with these conditions for Pˆi, we can show that
the Green’s function can be written as
GˆR = ( − Hˆ)−1 =
∑
i
Pˆi
 − i (3)
In the Hermitian case, the Lehmann’s representation for the
Green’s function takes the same form as Eq. 3 except Pˆi there
is defined as |ϕi〉〈ϕi|, where |ϕi〉 is normalized eigen-states.
Thus, Eq. 3 be viewed as the non-Hermitian version of the
Lehmann’s representation of the Green’s function. To prove
this, one only needs to verify that ( − Hˆ)GˆR = Iˆ when GˆR
is expressed as Eq. 3, which can follow from straightforward
derivation as
( − Hˆ)GˆR =
∑
j
( −  j)Pˆ j
∑
i
Pˆi
1
 − i
=
∑
i j
PˆiPˆ j( −  j)( − i)−1 =
∑
i
Pˆi = Iˆ (4)
where we have used PˆiPˆ j = δi jPˆi in the last step.
Since the imaginary part of the retarded Green’s function
has the physical meaning as the density of states, therefore we
have the density of state as ρ() = −piA(), and
A()= ImTrGˆR =
∑
i
Im
1
 − i + i0+
=
∑
i
Imi
( − Rei)2 + (Imi)2 . (5)
That is to say, each i contributes a Lorentzian shaped density-
of-state centered at Rei and a half-width |Imi|, as shown in
Fig. 1. Suppose all eigen-energies i are separated into differ-
ent bands labelled by m and for each band the eigen-energies
occupy a regime in the complex plane, even though there is
no overlap between different regimes, it can not guarantee that
the system is gapped. Let us now define for each band m,
mmin = mini∈m(Rei − |Imi|), (6)
mmax = maxi∈m(Rei + |Imi|), (7)
the contribution of band-m to the density-of-state decays out
only when   mmax or when   mmin. Strictly speaking, there
is no real gap because everywhere the density-of-state is fi-
nite. Nevertheless, when the ranges [mmin, 
m
max] and [
m′
min, 
m′
max]
are well separated, one can find a regime where the density-
of-state contributed from all bands is sufficiently small. In
another word, because each band is broadened by an energy
scale of the imaginary part of the eigen-energies, in order for
such a “gap” to be defined, the minimum separation between
the real part of the eigen-energies has to be much larger than
the typical value of the imaginary part of the eigen-energies.
Hall Conductance. With the expression for the retarded
Green’s function, we can proceed to discuss the Hall conduc-
tance with linear response theory. To be concrete, we focus on
a two-band Chern insulator, whose Hamiltonian is written as
Hˆ =
∑
k
Ψˆ
†
kHkΨˆk (8)
where Ψˆ†k = (cˆ
†
k,↑, cˆ
†
k,↓). Hk is a 2 × 2 matrix with a general
form given by [51]
Hk = (d0k − iγ0k) × I + hk · σ (9)
and hk = dk + iγk, and both dk = (dxk, d
y
k, d
z
k) and γk =
(γxk, γ
y
k, γ
z
k) are three component vectors. For each k, the
eigen-energies of this matrix is given by ±k = d
0
k ± λk − iγ0k,
where λk =
√∑
i=x,y,z h
i,2
k is in general a complex number and
we denote it as λk = λRk + iλ
I
k. Here we consider the situation
that γ0k > 0 and γ
0
k is always greater than |λIk| such that both ±k
have negative imaginary parts.
In this case, the retarded Green’s function is expressed as
GˆR =
∑
s=±,k
Pˆsk
 −  sk
, (10)
where Pˆs=±k = |uRs,k〉〈uLs,k|. Here we introduce |ϕR/Ls,k 〉 as the
right/left eigenvector ofHk, and |uR/Ls,k 〉 is normalized as
|uR/Ls,k 〉 =
|ϕR/Ls,k 〉√
〈ϕLi |ϕRi 〉
. (11)
By noticing thatHk can be written as
Hk = +k
1 + hˆk · σ
2
+ −k
1 − hˆk · σ
2
, (12)
where hˆk is defined as hk/λk, we can also write
Pˆsk =
1
2
(1 ± hˆk · σ). (13)
3We define the current operator Jˆα (α = x, y) in this case as
Jˆα =
∂ReHk
∂kα
= ∂kαd
0
k + (∂kαdk) · σ. (14)
Thus, we introduce the current-current correlation function
Kαβ(ω) =
∑
k
∫
dd′
nF(′) − nF()
′ −  + ω + i0+ Tr(JˆαA()JˆβA(
′)),
(15)
where nF() = 1/(eβ(−µ) + 1) (β = 1/(kBT )), and the conduc-
tance is defined as
σαβ = lim
ω→0
1
ω + i0+
(Kαβ(ω) − Kαβ(0)). (16)
With Eq. 10, Eq. 13 and Eq. 14, both Jˆ and A() used
for calculating conductance with Eq. 15 are explicitly known,
and it is straightforward to calculate the Hall conductance and
we ignore the tedious but straightforward intermediates steps
here. Here we only focus on the case that these eigen-energies
are separable into two regimes denoted by ± bands. Without
loss of generality, we assume that Re+k are all positive, and
Re−k are all negative such that both λ
R
k ± h0k are both posi-
tive. Thus, we can set the chemical potential µ = 0 at the
band gap. Under these conditions, the final result for the zero-
temperature Hall conductance σH = σxy can be divided into
two parts as σH = σTH +σ
B
H, where σ
T
H and σ
B
H denote topolog-
ical contribution and non-universal bulk contribution, respec-
tively. σTH is given by
σTH =
∑
k
Ωxy(k) + Ω∗xy(k)
2
× νk (17)
where Ωxy(k) = hk × (∂kxdk × ∂kydk)/|hk|3 and
νk =
1
pi
arctan λRk + h0k|γ0k − λIk| + arctan
λRk − h0k
|γ0k + λIk|
 (18)
This is the key result of this work.
Condition for a Nearly-Quantized Hall Conductance. The
formula for the Hall conductance Eq. 17 tells us that the Hall
conductance for a non-Hermitian topological Chern insulator
is in general not quantized. This by itself is not a surprise, and
the reasons are two fold. On one hand, as discussed above,
the bulk contribution to the density-of-state is always finite
everywhere, which contributes a finite and non-universal Hall
conductance denoted by σBH. We do not include the detail
form of these terms because they are quite complicated and
depends on all details of the Hamiltonian, but it is included in
the numerical calculation presented below. The general trend
is that the smaller ρ(µ), the smaller this contribution. Thus,
when two bands are sufficiently separated, as discussed above,
the contribution from these terms can be strongly suppressed.
On the other hand, because the energy for the edge state also
possesses an imaginary part which means that the current can
decay during the edge transport, because of which each edge
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FIG. 2. The Hall conducance for the non-Hermitian Hamiltonian
given by Eqn. 21. The total Hall conductivity σH calculated numer-
ically is given by the red solid lines and the topological contribution
σTH given by Eq. 17 is shown by green dashed lines. All conductivity
is in unit of e2/h. (a) σH and σTH as a function of m varying from−2.5 to 2.5, with f (k) = 1 and γ = 0.05. (b) σH and σTH as a function
of γ varying from 0 to 1, with f (k) = 1 and m = 1 fixed. (c) σH
and σTH as a function of a varying from 0 to 0.5, when f (k) is fixed
at 1 − a(sin(akx) + sin(aky))/2, and with γ = 0.05 and m = 1 fixed.
state can only give a conductance less than one unit of quan-
tized conductance. This effect is given by the term presented
in Eq. 17. The important aspect of our formula Eq. 17 is
because it quantitatively characterizes how the contribution to
the Hal conductance from the topological edge current devi-
ates from the quantized value due to the non-Hermitian effect.
Let us present a more detailed analysis of Eq. 17. First of
all, when the momentum dependence of γk can be ignored, we
have ∂kdk = ∂k(dk + iγk) = ∂khk, and therefore
Ωxy(k) = hˆk × (∂kx hˆk × ∂ky hˆk). (19)
With Eq. 19 one can show that
Ωxy(k) = i jTr[Pˆ+k (∂ki Pˆ
+
k )(∂k j Pˆ
+
k )]
= ∇k × Axy(k), (20)
where the Berry connection Axy(k) is defined as Axy(k) =
−i〈uL
+,k|∇k|uR+,k〉. It can be shown that both
∫
Ωxyd2k and∫
Ω∗xyd2k are quantized [27, 35]. Secondly, for the νk term,
because both λRk ± h0k are positive, νk in general can take any
value between [0, 1], and νk → 1 when |λIk ± γ0k| → 0. Note
that in most cases, the Berry curvature is not uniformly dis-
tributed in the Brillouin zone but is concentrated in certain
regime. Therefore, in order to obtain a nearly quantized Hall
conductance, it requires (i) γk to be as smooth as possible and
(ii) |γ0k ± λIk| to be as small as possible in the regime where the
Berry curvature is concentrated.
4Examples. To illustrate how Hall conductivity deviates
from unity when these two conditions above are violated, we
take a specified model as follows
Hk = − iγI + sin kxσx + (sin ky + iγ f (k))σy
+ (m + cos kx + cos ky)σz. (21)
In the Hermitian limit γ → 0, the system recovers the model
describing the quantum anomalous Hall effect. For 0 < m < 1,
σH = 1, and for −1 < m < 0, σH = −1. In these two regions,
the model describes a topological Chern insulator. For m > 2
and m < −2, σH = 0 and the model describes a topological
trivial insulator. Here f (k) satisfies the constraint | f (k)| ≤ 1,
under which the imaginary part of all eigen-values are nega-
tive. The Hall conductances for several different cases of this
model are calculated and shown in Fig. 2. We display both the
full numerical result for σH (red solid line) and the topolog-
ical contribution σTH (green dashed line) given by formalism
Eq. 17, and the difference between them stands for the bulk
contribution.
First of all, as we know from the discussion above that a
constant f (k) results in a quantized
∫
d2kΩxy(k), therefore we
first consider the f (k) = 1 case. In Fig. 2(a) we show the Hall
conductance as a function of m in the presence of a small γ =
0.05. One can see thatσTH still displays a nearly quantized Hall
conductance when m is away from the topological transition
point in the Hermitian limit, i.e. m = 0,±2, and the change
from σTH = 0 to σ
T
H = ±1 is a smooth crossover rather than
a sharp jump. The bulk contribution is most significant when
m is within ±γ of m = 0,±2, when the system is not gapped
according our definition based on the density-of-state.
In Fig. 2(b) we fix f (k) = 1 and m = 1 and show how the
Hall conductance depends on γ. One can see that on one hand,
the topological contribution σTH decreases as γ increases. This
is because although
∫
d2kΩxy(k) remains quantized, νk be-
comes smaller as γ increases. On the other hand, we can also
see that the bulk contribution also increases when γ increases.
In the inset of Fig. 2(b), we show that for small γ, both σH
and σTH deviate from unity linearly with γ.
Finally, we show that the k dependence in γk can affect
the quantization of
∫
d2kΩxy(k), and therefore, a stronger
momentum dependence of γ(k) will lead to a larger devia-
tion of σTH from a quantized value. Here we take f (k) =
1 − (sin(akx) + sin(aky))/2, and the increase of a increases the
momentum dependence of γk. In Fig. 2(c) we show that σTH
decreases when a increases and γ is fixed. On the other hand,
because the overall strength of the non-Hermitian part does
not increases and the typical energy scale of the imaginary
part of eigen-energies does not increase with the increasing of
a, the bulk contribution does not increase.
Conclusions. In summary, this work quantifies how the
Hall conductance of a non-Hermitian Chern insulator deviates
from quantized value even when the non-Hermitian Chern
number is quantized. The Hall conductance in general con-
tains the bulk contribution and the topological contribution.
The bulk contribution is non-universal and increases with the
increasing of the strength of the non-Hermitian terms, be-
cause it increases the density-of-state inside the gap. We
present a non-Hermitian version of the Thouless-Kohmoto-
Nightingale-de Nijs formula that shows that the topological
contribution deviates from quantized value either when the
strength of the non-Hermitian terms increases, because it in-
creases the decay of edge modes, or when the momentum de-
pendence of the non-Hermitian terms increases. As the non-
Hermitian terms can be controlled in many synthetic topologi-
cal systems, our results can be directly verified in experiments
in near future.
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